Comment on "Topological equivalence of crystal and quasicrystal band
  structures" by Kraus, Yaacov E. et al.
ar
X
iv
:1
30
8.
23
78
v1
  [
co
nd
-m
at.
me
s-h
all
]  
11
 A
ug
 20
13
Comment on “Topological equivalence of crystal and quasicrystal band structures”
Yaacov E. Kraus,1 Zohar Ringel,1 and Oded Zilberberg2
1Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot, Israel.
2Theoretische Physik, Wolfgang-Pauli-Strasse 27, ETH Zurich, CH-8093 Zurich, Switzerland.
Madsen et al. [arXiv:1307.2577] claim that one-dimensional insulating crystals and one-
dimensional insulating quasicrystals are topologically equivalent and, thus, trivial. In this comment,
we clarify that in topological classification of one-dimensional systems, quasiperiodicity plays a role
similar to that of a symmetry. Hence, periodic systems are out of the quasiperiodic topological
space, and the equivalence between quasicrystals and crystals becomes immaterial.
In a recent paper1, Madsen et al. argue that “there
is no topological distinction between one-dimensional
(1D) insulating crystals and 1D insulating quasicrystals”.
This statement seemingly contradicts an earlier work by
the authors of this comment and collaborators2, which
showed that 1D quasiperiodic (QP) Hamiltonians may
be topologically non-trivial, even in the absence of sym-
metry; whereas similar periodic Hamiltonians are known
to be topologically trivial3. We detail below that this al-
leged contradiction is due to the facts that in Ref. [1] (i)
there is an attempt to apply topological considerations
beyond the range of their validity, and (ii) the analysis
relies on boundary states where they are not supposed to
exist. In fact, the numerical results of Ref. [1] are in no
contradiction with the claims of Ref. [2].
At first, let us repeat in detail our statement, appear-
ing in Refs. [2, 4, and 5]. We consider 1D noninteracting
tight-binding models with QP terms, i.e. terms of the
form f(n)c†
n
cn′ , where c
†
n
creates a particle at site n, n′
is a site at the vicinity of site n, and f is a QP func-
tion. A function f(x) is QP if f(x) = F (2πb0x, 2πb1x +
φ, ..., 2πbNx + φ), where F (x0, x1, . . . , xN ) is a function
of N + 1 variables that is 2π-periodic in all of them, and
the bi’s are mutually irrational
6,7. The modulation of
the underlying lattice is expressed by b0, which we set
to be b0 = 1. The parameter φ shifts the QP modu-
lations with respect to the underlying lattice. A sim-
pler example is the Harper model, where the QP term
is cos(2πb1n + φ)c
†
n
cn, namely, n
′ = n, N = 1 and
F (x0, x1) = cos(x0) cos(x1). For simplicity, in the fol-
lowing we assume N = 1, and denote b1 by b.
For any such QP Hamiltonian, each bulk gap can be as-
sociated with an integer Chern number2. A Chern num-
ber associated with a gap can change its value only by
closing the bulk gap or by exiting the above space of QP
Hamiltonians. This association relies on the fact that in
the QP terms, the effect of shifts in the parameter φ is
physically indistinguishable from that of lattice transla-
tions. Therefore, bulk properties of QP Hamiltonians,
such as the energy spectrum, do not depend on φ. In or-
der to associate an integer Chern number with a gap, one
usually8 has to integrate the Chern density over a period
of φ. However, since the Chern density is a bulk prop-
erty, it does not depend on translations, and thus neither
on φ. Therefore, the integration over φ can be replaced
by a constant multiplication by 2π, and still results in an
integer number. This way, each gap is associated with a
Chern number for any given φ-value. Notably, boundary
phenomena, such as subgap boundary states, do depend
on φ in QP systems.
Contrastively, in periodic Hamiltonians, where b is
rational, φ affects both bulk and boundary properties.
Specifically, the Chern density is no longer independent
on φ. Hence, in order to associate the energy gaps with
Chern numbers, the integration over φ is imperative,
i.e. only the topological pump may have a Chern num-
ber8. Hence, associating a Chern number to any single
system with a given φ is impossible. Therefore, one can
think of quasiperiodicity as a restriction which yields new
topological phases, similar to the way time-reversal sym-
metry admits topological insulators.
The association of QP-models with Chern numbers has
physical implications, such as: (i) Consider a Hamilto-
nian which embodies a parameter that continuously de-
forms between two 1D QP systems while maintaining the
quasiperiodicity. For example, it contains two QP terms
and a knob that continuously turns off one term and si-
multaneously turns on the other term. If the chemical
potential is set to a gap whose Chern number changes its
value between the two systems, then upon an adiabatic
turn of the knob, there will be a point where the bulk gap
closes. (ii) Place two semi-infinite QP systems with a dif-
ferent Chern number on a line adjacent to each other, and
form a smooth interface region that interpolates between
them. In such a case, subgap excitations will appear
along the interface with an energy spacing that decays
with the length of the interface. A similar phenomena
has been experimentally observed in Ref. [5]. Note that,
if the interface is sharp, the existence of subgap states is
no longer guaranteed, since the sharp boundary locally
breaks the quasiperiodicity. This is somewhat analogous
to the absence of surface states in weak9 and crystalline10
topological insulators. (iii) Consider a semi-infinite QP
system, where the chemical potential is set to a gap with
a non-trivial Chern number. Now, measuring the local
density of states (LDOS) at the boundary during a re-
peated etching of the last atomic site, a boundary state
disappears and reappears. Notably, the measured energy
of the boundary state gradually fills the bulk gap. In con-
trast, in periodic systems (i) topology does not prevent
deformation between systems while keeping their bulk
gap open, (ii) interface states would not fill the gap even
2for infinitely long interfaces, and (iii) the subgap LDOS
at the etched boundary would be composed of only dis-
crete energies and would not fill the bulk gap.
The above results are exact for infinite QP systems.
Given a finite system, some discrepancies may appear,
which vanish as the number of sites, L, goes to infinity.
This is similar to all types of phase transitions. Fur-
thermore, perturbation theory implies that a small per-
turbation to the Hamiltonian, which changes the matrix
elements by less than ǫ≪ 1, may open the gap during the
phase transition to the order of ǫ. Consequently, a system
with L sites and modulation frequency b is similar to a
system with modulation frequency b′ ∈ (b−ǫ/L, b+ǫ/L),
up to corrections of order ǫ. Therefore, as the system
becomes shorter, the topological classification becomes
blurred, as well as the distinction between rational and
irrational modulations.
Turning back to infinite systems, a change of b is no
longer a small perturbation. It is always of the order of
the unperturbed terms, since a change of b to b′ = b+ ǫ,
causes intervals of the QP terms to flip their signs. There-
fore, if a system with a rational b′ is deformed into a
system with an irrational b, all the aforementioned phe-
nomena will appear, even for an extremely small ǫ (as
long as L is infinite). Complementary, if a system with
an irrational b is deformed into a rational b′ = p/q sys-
tem, discrepancies of the order of 1/q may appear2. It
then follows that given some uncertainty in b, one might
have 1/qmin-discrepancies, where pmin/qmin is the ratio-
nal number in the uncertainty interval with the small-
est denominator. Such discrepancies accompanies all
QP phenomena11, e.g. localization-delocalization transi-
tions12. Nevertheless, by choosing appropriate irrational
b, such as the Golden ratio, imperfect experimental sys-
tems show signatures of both the topological5 and local-
ization13,14 behavior.
Madsen et al. 1 consider the Aubry-Andre´ model12,
following Ref. [2]. The spectrum of this model is gapped,
and boundary states traverse its gaps as a function of φ.
The authors show numerically that the intervals of φ, in
which these states appear, strongly depend on the details
of the boundary, and hence the model is seemingly topo-
logically trivial. This dependence has been pointed out
already in Ref. [2]. As explained above, the nontriviality
of a 1D QP model does not imply the existence of sub-
gap states at sharp boundaries for any given φ, since the
boundary breaks locally the quasiperiodicity. Therefore
their absence does not prove their triviality.
Furthermore, the model was numerically diagonalized
as a function of b, which was continuously varied from
1.60 to 1.63. Along this deformation the two largest
spectral gaps remained open. One may think that it
implies that all systems in this interval are adiabatically
connected to each other. Thus, since the standard classi-
fication of band insulators3 classifies all gapped periodic
1D systems (in the absence of symmetry) as topological
trivial, this should also be true for the QP systems. Seem-
ingly, this flow of logic has led the authors of Ref. [1] to
conclude that periodic and QP systems are topologically
equivalent, and both are trivial band insulators.
We find this equivalence invalid, since it ignores the es-
sential requirement for quasiperiodicity. As emphasized
above, only the space of QP Hamiltonians is topologically
classified by Chern numbers, whereas periodic Hamilto-
nians are not classified at all. Therefore, an open gap
during a deformation from a QP into periodic system
does not imply triviality in any sense. Intuitively, it can
be thought of as arguing for the triviality of a topological
insulator by adiabatically connecting it to an insulator
with broken time-reversal symmetry15.
The fact that the two largest gaps remain open in
the interval, [1.6, 1.63], nevertheless, implies that all the
QP Hamiltonians in this interval indeed share the same
Chern numbers in their largest gaps. Therefore, if the
chemical potential of two such QP systems is set to one
of these gaps, they are indeed topologically equivalent.
It should be noted, however, that the Chern numbers of
the small gaps change considerably when b is changed.
Moreover, in the numerical data presented in Ref. [1],
as qmin = 5 in the interval b ∈ [1.6, 1.63], it is reason-
able that the largest gaps persist in the whole interval.
However, unlike irrational cases, for rational modula-
tions in this interval we expect that these gaps and their
corresponding Chern densities would fluctuate with φ.
This fluctuations becomes stronger as one approaches a
phase transition, where the gaps diminish, and there is no
longer a clearly defined Chern number for a given φ. One
might, however, suggest to define the Chern numbers of
the aforementioned large gaps in the rational cases, sim-
ply by continuity. The drawback of such a definition is
that it has no physical implications, i.e. the aforemen-
tioned consequences (i)-(iii) would correspond to the pe-
riodic case, and thus the “continued Chern number” does
not define a distinct state of matter.
To conclude, we see no contradiction between our the-
oretical claims2,4,5,16 and the numerical results reported
by Madsen et al. 1.
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